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Abstract

The discovery of efficient and accurate descriptions for the macroscopic behavior of materials with complex microstructure is
an outstanding challenge in mechanics of materials. A mechanistic, data-driven, two-scale approach is developed for predicting
the behavior of general heterogeneous materials under irreversible processes such as inelastic deformation. The proposed approach
includes two major innovations: (1) the use of a data compression algorithm, k-means clustering, during the offline stage of the
method to homogenize the local features of the material microstructure into a group of clusters; and (2) a new method called
self-consistent clustering analysis used in the online stage that is valid for any local plasticity laws of each material phase without
the need for additional calibration. A particularly important feature of the proposed approach is that the offline stage only uses the
linear elastic properties of each material phase, making it efficient. This work is believed to open new avenues in parameter-free
multi-scale modeling of complex materials, and perhaps in other fields that require homogenization of irreversible processes.
© 2016 Elsevier B.V. All rights reserved.
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1. Introduction

Materials are hierarchical in nature, involving an inter-play between simple small-scale constituents that together
form elaborate compounds that can span multiple time- and length-scales. This multi-scale nature of heterogeneous
materials poses a continuing challenge in computational modeling of macroscopic structures. Ideally, efficient and
accurate predictions of the macroscopic behavior of heterogeneous materials should be uniquely obtained from
the constitutive behavior of each separate constituent (material phase) and from the information about the material
microstructure.

Traditional phenomenological constitutive relations [ 1-3] characterize the average behaviors of the material, i.e. the
contributions from all the material phases are not accounted for as an individual interaction of separate constituents.
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These laws regard materials as “black boxes,” implying the need for burdensome experimental characterization
and tedious calibration. In addition, they are problem-dependent and tend to fail when capturing highly localized
microstructure-induced nonlinear material behaviors, such as plasticity, damage and fatigue.

Concurrent multiscale methods [4—11] avoid this calibration process by directly establishing the connection be-
tween the microstructure and the macro-response of materials. These concurrent methods link to every macroscopic
point of a structure a high-fidelity simulation of a Representative Unit Cell (RUC) [12,13] of the microstructure.
Since each RUC is already associated to a large computational cost, the total computational cost of this approach is
tremendous.

A myriad of methods have been developed with the goal of finding an appropriate balance between cost and
accuracy; these are generally referred as reduced order models. Analytical micromechanical methods [14—17], the
Voronoi cell finite element method [ 18], fast Fourier transforms [19], spectral methods [20], the generalized method of
cells [21], the transformation field analysis (TFA) [22], the nonuniform transformation field analysis (NTFA) [23,24],
the principal component analysis [25-27] or proper orthogonal decomposition' (POD) [28-31], and the proper gen-
eralized decomposition (PGD) [32-36] are some of the most successful methods of this kind.

Analytical micromechanical methods [14—17] are very efficient because they describe the heterogeneous material
by several microstructural descriptors, rather than considering the whole representative unit cell explicitly. However,
they are based on mean-field assumptions and linear superposition. This limits their applicability when complex
microstructure and localized nonlinear material behavior such as plasticity are present.

POD uses linear combinations of all input variables to define the principal components (modes) to make the
predictions for general load cases. This is a fundamental issue when describing nonlinear irreversible plastic processes
that is only mitigated by using many snapshots in the offline stage which increases the computational cost of the online
stage to unreasonable values [29,37].

The NTFA introduced by Michel and Suquet [23] and further explored by Oskay and Fish [38] among others
[39,40], approaches the problem differently with the aim of drastically reducing computational cost [39]. The idea
behind NTFA is to leverage the capabilities of analytical micromechanical methods to define a set of reduced variables
(e.g. plastic strain fields and internal variables of the local constitutive laws) that are then subjected to “evolution
equations” [23,41]. Consequently, the computational cost of NTFA is low but the inclusion of empirical laws that
require further calibration is a limitation. Furthermore, the representative unit cells need to be subjected to irreversible
deformation to obtain the plastic modes (as in POD) which leads to an extensive exploration of the deformation space
at the offline stage.

In this article a new approach is proposed where the above-mentioned limitations are addressed simultaneously
by meeting three fundamental goals: (1) avoiding to have an extensive exploratory offline stage (as in NTFA and
especially POD), by limiting this stage to the characterization of the elastic behavior of the representative unit cell; (2)
eliminating the need to find reduced macro-constitutive equations (as in NTFA), i.e. only using the local constitutive
equations of each phase present in the representative unit cell without calibration of additional laws; and (3) achieving
areduction in computational time of several orders of magnitude without significantly compromising accuracy.

In order to achieve these goals two fundamental contributions are introduced in Section 2: a new analysis method
applicable to any reduced RUC; and a procedure based on a data compression algorithm to obtain any reduced RUC.
Section 3 shows the results and discusses the accuracy and efficiency of the methodology. Concluding remarks are
provided in Section 4.

2. Methodology

The starting point is a high-fidelity Representative Unit Cell (RUC) of the material, i.e. a representative domain of
the microstructure of a material. This high-fidelity RUC can be analyzed by different methods, e.g. finite element or
meshfree methods, such that accurate predictions of the material’s mechanical behavior are achieved. However, the
computational cost associated to these RUCs is usually significantly large because they involve a very fine numerical
discretization to capture the microstructural shapes of the material and its detailed mechanical behavior.

With the aim of lowering the computational expense one may consider to decompose the high-fidelity RUC into a
group of large subdomains, obtaining a reduced RUC— Fig. 1. These subdomains are designated as material clusters

! The mechanics community refers to principal component analysis as proper orthogonal decomposition (POD).
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Fig. 1. Illustration of arbitrary domain decomposition for a high-fidelity RUC transforming it into a reduced RUC with just 8 subdomains (clusters).

henceforth. However, if one uses the same analysis method considered for the high-fidelity RUC, the resolution for
the analysis is degraded and the accuracy of the predictions decreases. For example, if using the finite element method
the larger subdomains (material clusters) would have to correspond to larger finite elements, introducing limitations
in the shape of these clusters and the accuracy of the solution.

This poses an interesting question: for large and irregular material clusters, what is the appropriate analysis
method that maintains good accuracy for the predictions of the reduced RUC?

In order to answer this question, assume an arbitrary domain decomposition of the RUC. The procedure used to
determine these material clusters will be introduced later in Section 2.2.1. In addition, assume that every local variable
B(x) within each material cluster is uniform. This is equivalent to considering a piecewise uniform approximation to
the local variables of interest in the RUC”:

k

B =Y B'x' ™, (1)

I=1

where B/ is the homogeneous variable in the /th material cluster and x ! (x) is the characteristic function in the domain
of the Ith material cluster 27, defined as

Low 1 ifxe!
X ) = {0 otherwise @)
from which the following cluster averaging relationship can be written,
[ xotetax= [ jelax 3
N 0!

where [e] signifies any quantity of interest to be averaged in the cluster domain £/,

Under these assumptions, a system of equations can be derived by successively homogenizing each material cluster
via the Lippmann—Schwinger equation. The procedure is applicable to any domain decomposition considered and is
presented next.

2.1. Lippmann—Schwinger homogenization for multiple clusters
Generally, the equilibrium condition without body force in a material domain {2 can be written as

dojj(x) 0

in 0. 4
x; n 4)

By introducing a homogeneous isotropic linear elastic reference material with stiffness C°, the real stress in the
heterogeneous material can be divided into two parts,

o(x) =C%: e(x) +px), 5)

2 For example, if the variable of interest is local strain: §(x) = &(x).
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where p(x) is the so-called polarization stress, which denotes the difference between the real stress and the stress in
the reference material under the same strain. By substituting Eq. (5) into (4), we obtain

de(x) _ 3pij (%)
axi - ax,-

Chiu n 2. (6)

With the help of the Green’s function ®°(x, x') which represents the strain at x contributed by a concentrated external
stress at X' in a homogeneous reference material, the original equilibrium condition can be rewritten in an integral
form if we regard the polarization stress as an external stress on the reference material [15,42],

e(x) + / 3%(x,x) : p(x)dx —e® =0, (7
N

where &9 is the far-field strain, which is homogeneous in the reference material and controls the evolution of the strain
€(x). By substituting Eq. (5) into (7), we obtain the integral equation in terms of the local strain &(x),

e(x) +/ ®0(x,x) : [a(x/) —C°: e(x’)] dx' — e’ = 0. (8)
[0}

In order to solve &(x) in the integral equation (8), constraints are needed from the macroscopic boundary conditions.
Specifically, if a macro-strain constraint is used:

1
m /;Zs(x)dx =g, )

or if a macro-stress constraint is considered:

|—;2|/;20(x)dx=6. (10)

Similarly, we can also define mixed constraints. For example, the constraints under uniaxial tension loading are

1 1
—/ enxydx=¢y; ifi=j=1; otherwise,—/ 0ij(x)dx = 6;; = 0. (1
| 21 Jo | 21 Jo

For convenience, Eq. (8) can be written in incremental form:
Ae(x) + f d°(x, x') : [Aa(x/) . Ae(x’)] dx' — Ae® = 0. (12)
[0}

Integral equation (8) or (12) is also known as Lippmann—Schwinger equation, and solving such an integral equation
for every point would be very time-consuming and even slower than the actual simulation of the high-fidelity RUC
using finite element analysis, for example. However, recall that the high-fidelity RUC was decomposed into finite
material clusters to form a reduced RUC (see Fig. 2). With this in mind, the Lippmann—Schwinger equation is averaged
for each cluster:

1
1]

+ 7 : / / x' )@ (x,x) : [Aa(x/) - Ae(x’)] dx'dx — A’ =0, (13)
121 Jala

/ x ! (x) Ae(x)dx
k9

where this equation follows directly from averaging equation (12) within the Ith cluster, and where the first term
corresponds to Ae’. Moreover, recalling the piecewise uniform assumption of all the local variables, Eq. (1),

k k
Ae(x) = Z x’ (x)Ae”, Ao (x) = Z x’ (x)Ac”’ (14)
J=1 J=1
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Fig. 2. Flowchart summarizing the self-consistent clustering analysis developed in this work. Compared to other reduced order models the offline
stage is trivial because it only involves a linear elastic analysis of the representative unit cell (RUC).

where Ae”’ and Ag” are the incremental stain and stress in the Jth cluster. Hence, Eq. (13) can be simplified according
to these relations as,

k
Ael + Z [ﬁ /Q /;2 x @ x! x)®(x, X’)dx/dxi| : [Aa] - Ae]] —Ae=0 (15)
J=1

where the term within brackets is a well-defined quantity in micromechanical analysis of materials: the interaction
tensor D’/

1
D’ = 12| /g fg x @) x’ (x)®%(x, x')dxdx, (16)

written as an integral of Green’s function 'I>0(x, x’) in a RUC domain {2 with periodic boundary conditions, and where
¢! is the volume fraction of the Ith cluster and | §2 | is the volume of domain 2.
Eq. (13) can then be re-written considering Eq. (16) as

k
Ae' +) D' [AUJ—CO:AEJ]—AeO:& 17)
J=1
This is an integral equation for each /th cluster, which can be used together with the previously defined macro-
strain or macro-stress constraints in incremental form:

k k
Y cfAe =Ae or ) A = A, (18)
=1 =1

Remark 1. The system of equations composed by k Eq. (17) and the respective constraint equations (18) is the main
result of this section. This closed system of equations arises from the averaging of the Lippmann—Schwinger equation
for each cluster.

Note that Eqgs. (17) and (18) do not depend on the strain concentration tensor or on any additional parameters
or constitutive laws. This contrasts with approaches such as TFA [22] and NTFA [23,39]. Also note that the separate
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averaging of the Lippmann—Schwinger equation introduced in this section implies that stresses in adjacent clusters are
not enforced to be continuous, but the global average of the local strains and stresses are constrained to coincide with
the macroscopic applied strain or stress. In a way, this is similar to what happens in the finite element discretization of
the conservation of linear momentum equation where the continuity of stresses is also not enforced between adjacent
elements, but global equilibrium is satisfied.

The system of equations (17)—(18) requires the previous determination of the material clusters (domain decomposi-
tion), followed by the computation of the interaction tensors D’/ between each pair of clusters. This a priori analysis
is conveniently called the “offline” or training stage. The “online” or predictive stage comprises the actual solution
of the system of equations (17)—(18) for any loading conditions applied to the RUC. Section 2.2 describes the offline
stage, where a strategy to find the reduced RUC previously mentioned is proposed. Section 2.3 presents the details of
the online stage. Fig. 2 shows a schematic of the developed framework summarizing the methodology.

2.2. Offline stage

How can one perform the domain decomposition in the “offline stage”? Different methodologies can be adopted.
The goal is to group points that have similar mechanical behavior under any applied loading condition. An optimal
strategy to find the material clusters is proposed next by using a data compression algorithm called k-means clustering.

2.2.1. Domain decomposition via k-means clustering

A simple yet effective way of characterizing points in the material with similar mechanical behavior is by evaluating
the elastic response of the high-fidelity RUC and computing at every point the strain concentration tensor A(x). This
tensor relates the elastic microscopic strain ™ (x) to the homogeneous elastic macroscopic strain €™,

€micr0(x) — A(X) . emacroy (]9)

where the macroscopic strain €™ is directly related to the periodic boundary conditions of the RUC [12].

By definition, the similarity between two data points is characterized by the difference between their strain con-
centration tensors. In other words, if two data points have equivalent strain concentration tensors, they have exactly
the same mechanical behavior under any loading condition within the elastic regime. Moreover, these points should
also have similar nonlinear plastic response, since the localization of plasticity occurs at points with high strain con-
centrations.

For a 2-dimensional (2D) material, the strain concentration tensor A(x) in each material point has 9 independent
components which are determined by direct numerical simulation (DNS) of the high-fidelity RUC under 3 orthogonal
loading conditions. While for a 3-dimensional (3D) material, A (x) has 36 independent components, needing a set of
DNS under 6 orthogonal loading conditions. The format of the raw data for a 2D material is shown below,

|DataIndex| A1y | Azz | Ass | Ay | Azq | Aps | A3z | Az | Aszq |

1
2 - - - - - - — — -

N — — — — — — - - —

where the dimension of the data is 9 in the 2D case, and N is the total number of discretization points in the DNS. For
example, if the high-fidelity RUC is discretized by a 600 x 600 finite element mesh with reduced integration elements,
then N is equal to 3.6 x 10°.

Remark 2. Understanding the above selection for measuring mechanical similarity is crucial. Other metrics for simi-
larity could be used but that would have direct effects on the reduction of the number of degrees of freedom by forming
material clusters. For example, a simpler metric would be to group data points according to their spatial proximity
(disregarding their mechanical similarity), as was done later in this article for comparison (Fig. 6).
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Fig. 3. Two-dimensional k-means clustering results of (a, c) the cross-section of a fiber-reinforced composite with identical circular inclusions
embedded in a matrix material and (b, d) a two-phase amorphous structure from a two-dimensional phase-field simulation based on the
Cahn-Hilliard equation [44]. For both microstructures, phase 1 (matrix) was discretized into 8 clusters in (a, b) and 32 clusters in (c, d), while the
discretization of phase 2 is not shown here for clarity. Note that one cluster is a group of separate subdomains indicated by the same color. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

The next step is to perform the domain decomposition by grouping similar data points using a clustering algorithm
called k-means clustering [43]. Note that the data points grouped by the k-means clustering do not need to be adjacent
to each other. These points belong to the same cluster because their strain concentration tensor is approximately the
same, but they can be in disconnected parts of the RUC—see in Fig. 3 irregular and disconnected clusters represented
by the same color for two different material microstructures.

Fig. 3(a) and (b) show the reduced RUC domain decomposition considering only 8 clusters for the matrix phase,
while figures (c) and (d) were obtained considering 32 clusters for the same phase. Regions with the same color
represent the same cluster. Recall that the methodology proposed in this work assumes that the local variables in
each cluster are uniform. Therefore, in this example the finite element mesh of the high-fidelity RUC that had three
hundred and sixty thousand elements was reduced to a few clusters (8 or 32) that can be used to solve the system of
equations (17)—(18). This represents an extensive data compression that is expected to lead to tremendous computa-
tional savings in the posterior online stage.

Clustering methods have been widely applied to different fields, from pattern recognition and image segmentation
to bioinformatics [45,46]. Recently, a large spectrum of clustering algorithms has been developed, such as hierarchical
clustering, k-means clustering and distribution-based clustering [47]. In this manuscript, a particular kind of centroid-
based clustering named k-means clustering [43] is applied to compress the data.

In k-means clustering all the data points are partitioned into k clusters in the following manner:

1. Evaluate the quantity of interest (e.g., strain-concentration tensor) at each point in the domain;
2. Group all the points into k clusters such that the difference between the quantity of interest at each point within the
cluster is minimal when compared to the average value of that quantity inside that cluster.

For the case of the RUC, the suggested quantity of interest is the strain concentration tensor. Hence, this means
that a cluster J contains the points whose strain concentration tensor A(x) is closer to the average strain concentration
tensor of that cluster A; when compared to the average strain concentration tensor A; of any other cluster / (for
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I # J). Once again it is noted that the clusters are not necessarily of the same size and do not need to be continuous,
see Fig. 3.
Mathematically, given a set of strain concentration tensors the objective of k-means clustering is to minimize the

within-cluster least squares sum for the k sets S = {S sz ..., Sk} to obtain the shape of the clusters:
k -
S = argmin Z Z 1A, — Ay, (20)
S J=lnes’

where A, is the strain concentration tensor of the nth data point, and A J 1s the mean of all the strain concentration
tensors at the points within the cluster S;. The above norm is defined as usual, e.g. for a general second-order matrix
Z of dimension m X m

IZ] =

Z Z zizj = +/trace(Z7Z), [@3))

i=1j=1

and is called the Frobenius norm of matrix Z.

The algorithms for solving the k-means clustering problem are well developed, such as the standard algorithm
(Lloyd’s algorithm) [48] or fast k-means clustering algorithm proposed by Kanungo et al. [49]. In this article the stan-
dard algorithm was used, with more details provided in Appendix A. Note that the choice of the number of clusters &
defines the degree of data compression achieved.

Mathematically, the “Silhouette Index” [50] can be used to measure the quality of clustering; however, this may
not be sufficient when considering the predictions of the mechanical behavior. Typically, a larger number of clusters
(larger k) used in the offline stage leads to more accurate predictions in the online stage since more information was
stored, but the number of degrees of freedom increases correspondingly. The computational cost associated with this
increase is discussed in later sections. As a result, the choice for the number of clusters should keep a balance between
the compression ratio of the data set and the accuracy of the prediction.

Remark 3. Clustering depends on specific choices of data type (in this case, strain concentration tensor), distance
definition (Frobenius norm) and clustering algorithm (k-means clustering). Other selections could be made with direct
influence on the mechanical behavior predicted. This exploratory effort is expected to be conducted in future studies.

2.2.2. Computing the interaction tensors

After the domain decomposition that determines the material clusters, one needs to compute the interaction tensors
between clusters. The interaction tensor D’ represents the influence of the stress in the Jth cluster on the strain in
the Ith cluster. As mentioned previously, the interaction tensor can be written as an integral of Green’s function in a
RUC domain {2 with periodic boundary conditions,

1 /
D'’ = 2 /Q /Q x! @) x’ &)@ (x, x')dx dx, (22)

where ¢! is the volume fraction of the Ith cluster and | {2 | is the volume of domain (2. ®9(x, X) is the fourth-order
periodic Green’s function associated with an isotropic linear elastic reference material with stiffness tensor C°. The
definition and function of the reference material is discussed in Section 2.3. Also note that the interaction tensor D’/
has to be a fourth-order tensor. In addition, by inspection of Eq. (16), it can be seen that

D! =Dl (23)

When the reference material is linear elastic (including isotropic and anisotropic), the Green’s function is explicitly
known in Fourier (frequency) space. For simplicity, we restrict the reference material to be isotropic linear elastic in
this article, so that its Green’s function takes the following form in Fourier space,

W+ pub gy
nOG0 +2u0) g4

B0 (&) = (Sik&€ + SiE 6k + 8165k + 8 &) — , 24)

4u0 | &2
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where £ is the coordinate in Fourier space corresponding to x in real space, A? and 1© are Lamé constants of the
reference material. The formulation in Eq. (24) works for both 2D plane strain and 3D materials. For convenience, the
Green’s function @?j 11 (€) can be rewritten in two parts:

0 1 a1 W04 u0 2
P (&)= mq’ (E)+m’l’ é) (25)

where each part can be written as

&i&i6kkl
&1+

. 1 .
@iljkl(E) = EP (8ix€j& + 8ik &k + 8jubikk + djx&i&) and ¢i2jkl(§) =— (26)

~1 ~2
Since ® (&) and ® (&) do not depend on the material properties, only the coefficients before them need to be

. . . . ~0 . .
updated if the elastic constants A° and 1© of the reference material change. This feature of ® (&) is essential to the
self-consistent scheme as introduced in Section 2.3. Moreover, the convolution term in Eq. (16) can be translated into
a direct multiplication based on a Fourier transformation,

| xeostexay = 77 (i @) @)

where 3’ (&) is the characteristic function in the /th cluster in the Fourier space. Only a one-time calculation is needed
for computing all the interaction tensors, which can then be used for considering complex material behavior.

2.3. Online stage: Self-consistent clustering analysis

If an actual prediction of the local strains in the RUC for any constitutive behavior of the phases is to be obtained,
then two points still need to be discussed: (1) the choice of the reference material stiffness C%; and (2) the algorithmic
details to find the iterative solution for Egs. (17) and (18).

Concerning the first point, it is highlighted that the local strain &(x) solved from the continuous Lippmann—
Schwinger equation, i.e. Eq. (8) or (12), does not depend on the choice of C°. On the other hand, the choice of C°
affects the convergence rate of the iterative solution scheme for the discrete Lippmann—Schwinger equation as pointed
out in [19,51-53]. Despite the influence on the convergence rate, the converged solution reached by the discretized
scheme should be the same and independent of the choice of C°, which could be regarded as a preconditioner of
the iterative scheme. This can be explained by the fact that the physical problem is completely determined by the
equilibrium condition and macroscopic constraints. The far-field strain € in those equations just assumes a different
value according to the choice of C° such that the same solution for the local strain in the RUC is obtained. Therefore,
in theory one can choose any reference stiffness C° for the homogeneous linear elastic material. In practice, this is
not the case—see Remark 4.

Remark 4. The solution of the discrete Lippmann—Schwinger equations when finding the local strain in each cluster
by solving Eqs. (17) and (18) is actually affected by the choice of the reference stiffness CP.

Section 2.3.1 presents the algorithmic details to solve the discrete equations (17) and (18) considering a constant
CO first. Then, in Section 2.3.2, a discussion of the importance of a self-consistent scheme for updating C° upon
deformation is presented.

2.3.1. Algorithm for constant C°

In general cases such as plasticity and damage, the incremental stress in the /th cluster Ag is a nonlinear function
of its incremental strain Ae!, which means that the system of integral equations needs to be solved iteratively at
every load increment. An implicit scheme is adopted herein, and both macro-strain and macro-stress constraints are
considered.

As mentioned before, the unknown variables of the system are the incremental strain in each cluster Ae! and the
far field strain Ae?, so {Ae} = {Ae'; ... ; Aek; Ael}. To begin, the residual of the integral equation in the /th cluster
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at iteration step n is defined as

k
v/ ({2e),) = Ael + ) D . [Aa,{ —C°. Ae,{] — A’ withI=1,2,....k (28)
J=1
and the residuals of the macro-strain or macro-stress constraints are
k k

fH({Ae)) =) ' Aef — Az or T ({Ae}) =) ' As) - As. (29)

I=1 I=1
In the implicit scheme, the residual {r} = {r';...; rk; r¥+1} is linearized with respect to {Ae}. After dropping

terms of higher order than linear, it gives

afr}

M}{se} =0 with (M} = , 30

{r} + {M}H{se} with {M} 3(de) (30)
where {M} is called the system Jacobian matrix. For I, J = 1,2, ..., k, we have

M =5, 1+D" : (€, ~C°) and M/ =1, 31)

where 87 is the Kronecker delta in terms of indices / and J, and I is the fourth-order identity tensor. Cgl < is the
so-called algorithmic modulus (or tangent modulus) of the material in the Jth cluster and is an output of the local
constitutive law for the current strain increment in that cluster Ae,{ R

dAe”’
J
Catg = dNe’ (32)
Under the macro-strain constraint, the remaining components in the system Jacobian matrix are

MEDI — I and MEHDED — (33)
For macro-stress constraint, we have

M(k+])1 — clcélg and M(k+1)(k+1) = 0. (34)
Finally, the correction of the incremental strain can be expressed as

(8¢} = —(M}~{r}. (35)

Based on the updated incremental strain, we can then use the constitutive relationship in each cluster to compute the
new incremental stress {Ao} = {Aca'!;...; Ac*}. The algorithm for the implicit scheme is given in the Box I, where
it is again highlighted that the constant C° = C"P" is chosen by the analyst as an input C'"P"', The most logic choice is
to consider as reference the effective stiffness of the RUC that can be determined in the offline stage C"PUt = C™macro,
However, as previously mentioned, other reference stiffnesses could be considered, e.g. the stiffness of the matrix
phase Cinput — Cmatrix.

2.3.2. Algorithm with self-consistent C°

Remark 4 highlights that due to the discrete character of the approach the actual choice of the stiffness of the
reference material C° can affect the solution, contrary to what happens for the continuous form. This raises a question:
Is there an optimal choice for C°?

Here a self-consistent scheme is proposed to set the homogeneous tangent modulus of the reference material C°
approximately the same as the macroscopic tangent modulus (i.e. the effective tangent modulus of the RUC) even
after plastic deformation occurs,

C¥ — ¢maer, (36)
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Box L.
Algorithm for the implicit scheme with constant C°

1. Initial conditions and initialization: set {Ag}y = 0; n = 0; { Ae}new = {Ag}g; CO = Cinput

2. Newton iterations for load increment n + 1:

. compute the incremental stress { Ao }new based on material constitutive laws

. use (28) and (29) to compute the residual {r} = f ({Ae}new, { A0 }new)

. compute the system Jacobian {M}

. solve the linear equation {5e} = —{M}*l{r}

. {Aelhew < {A€}new + {€}

. check error criterion; if not met, go to 2a.

. Update the incremental strain and stress: {Ae}, | = {Ae}new, {A0}+1 = {AGIhew; n < n + 1
4. If simulation not complete, go to 2.

-0 a0 o

(98]

Let us start by considering the elastic case first, where the effective tangent modulus of the RUC does not change
and coincides with the effective elastic stiffness of the RUC. By averaging the incremental integral equation (12) in
the RUC domain {2, we have

. 1
Agmacro ﬁ./ (/ ®0(x, x’)dx) [Ao(x) — €™ Ae(x)] dx — Ae® = 0. (37)
0 2

According to the definition of periodic Green’s function ®%(x, X)), the following integral results in a constant tensor
which does not depend on X/,

0 0!
/ 3O(x, X)dx =S : (c ) , (38)
n
where S is the Eshelby’s tensor. By substituting Eq. (38) into (37), the following statement can be proved,
ASO — Aghacro if CO — (macro (39)

This result can be extrapolated to the case of irreversible processes such as plasticity. For a given increment n,
when C9 tends to the tangent modulus of the RUC C*™, then the far-field strain A& tends to the macroscopic strain
Ae¢° Hence, the name self-consistent reference tangent modulus.

For convenience, however, the tangent modulus C;'*“™ is considered as isotropic even during plasticity in order
to still use the same form of Green’s functions, see Eq. (24). This is not true in general, since the plastic flow may
introduce anisotropic behavior, especially under large deformations.

Considering the reference tangent modulus as isotropic at every macroscopic load increment, the self-consistent
scheme then needs to find the two independent Lamé parameters Ag and y,g for every load increment n that define
co,

=t (Ag, ug) : (40)

such that the reference tangent modulus is closest to the macroscopic tangent modulus. The objective of the self-
consistent scheme is then to find A2 and 1 from the following minimization,

{Ag, pdt = argmin || Ag™4T0 — f(\,u): Agmacro|2, 41)
W'}

macro
n

macro

macro g

where ||Z||> = Z : Z for an arbitrary second-order tensor Z. The macroscopic strain & and stress o

increment n are given by

k k
Agndero = ch Ael and  Ag™iro = Z ! Aol (42)
=1 =1
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Box IL
Algorithm for the updated self-consistent implicit scheme

1. Initial conditions and initialization: set (AO, uo) {Ae}g =0;n = 0; {Aelpew = {Ace)y

2. For load increment 1 + 1, update the interaction tensor D/ and the stiffness tensor (ol
3. Newton iterations:

. compute the incremental stress { Ao }new

. use (28) and (29) to compute the residual {r} = f ({Ae}new, { A0 }new)

. compute the system Jacobian {M}

. solve the linear equation {§e} = —{M}*l{r}

. {Aéelnew < {Aelnew + (3¢}

. check error criterion; if not met, go to 3a.

. Solve (44), and (AO, p,o> <« (Agpt, p,gp[)

. Check error criterion; if not met, go to 2

. Update the incremental strain and stress: {Ae}, 11 = {Ae}new, {A0},41 = {A0new; n < n+1
. If simulation not complete, go to 2.

-0 a0 o

NN b

Then the optimum point (Agpt, ugpt) is found by computing the minimum of g(kg, Mg),
804, 1) = [ Aay e — £ (20, uf) = Aejpacre)? (43)
via the respective partial derivatives,
0 0
% —0 and -2 =0, “4
8)\"1 kgpl’ﬂgpt 8“" )“gpt’ﬂgpt

which basically forms a system of two linear equations in terms of the Lamé constants. The system always has a
unique solution except under a pure-shear loading condition, where Agpt is underdetermined. In this case, the value of

12 is not updated. Additionally, g (Agpt, ugpt) vanishes when the effective macroscopic homogeneous material is also

isotropic linear elastic.

This self-consistent scheme is also iterative, since the macroscopic incremental stress Ao iac™® and strain Aellie™
at the beginning of the increment are computed based on previous values of AS and ,ug. Note that in the algorithm that
uses a constant C%, see Box I, since the tangent modulus C is not updated that implies that the interaction tensors
D!/ also do not need to be updated. This is no longer the case for the self-consistent algorithm, as presented in Box II,
since the interaction tensors given by Eq. (16) also depend on the updated reference Lamé parameters following Eq.
(24). It is also noted that for the simulations considered in this work, the convergence of A0 and ,uo can be reached
within a small number of iterations (e.g. less than 5 for a tolerance 0.1%).

With this last update we obtained a “self-consistent Lippmann—Schwinger multiple-cluster homogenization
scheme” made computationally efficient by the data compression treatment proposed in Section 2.2.1 where clusters
(subdomains) of material with similar mechanical properties were determined. The self-consistency of the proposed
scheme is optional, i.e. it is possible to use a constant reference stiffness tensor C°. However, the convergence of
the scheme is improved as shown next. We note that the scheme is standalone: there are no additional parameters or
evolution laws, unlike the schemes reviewed in Section 1.

2.4. Microstructure and material modeling

The proposed reduced order homogenization method was applied to 2D plane strain and 3D heterogeneous mate-
rials under different load cases. As detailed in the previous sections, the whole modeling framework can be divided
into two stages: (1) offline stage; and (2) online stage.

In the 2D plane strain examples, two types of materials with different microstructures as shown in Fig. 3 are
analyzed. The first one is a composite material with identical circular fibers (phase 2) embedded in the matrix (phase
1), where the fiber volume fraction was considered as V¢, = 30%. The second 2D plane strain example is a two-phase
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material with microstructure obtained from a phase-field simulation based on the Cahn—Hilliard equation, where the
volume fraction of either phase is equal to 50%. For convenience, the two types of materials are abbreviated as fiber-
reinforced composite and amorphous material, respectively.

Two examples in 3D are also presented: one was chosen as a two-phase composite material with identical spherical
inclusions embedded in the matrix (volume fraction of 20%), and the other as an amorphous material with a mi-
crostructure obtained from a 3D phase-field simulation (volume fraction of 50%). All the microstructures considered
in the examples are periodic.

The same material properties are used in the 2D and 3D problems. For the linear elastic direct numerical simulations
in the offline stage, the Young’s moduli and Poisson’s ratios of phases 1 and 2 are:

E; =100 MPa, vy =0.3; E> =500 MPa, vy = 0.19. (45)

Fig. 3 showed the data compression achieved for the two RUCs used in the 2D examples considering 8 or 32
clusters for phase 1 of the materials. Each reduced RUC obtained for a chosen number of clusters is then analyzed in
the online stage. Note that the same reduced RUC can be used for predicting plastic behavior of the material with any
local plasticity laws for each phase (no additional calibration needed). Therefore, the following examples considered
two different plasticity laws in order to assess the predictive capabilities of the proposed approach.

Two plasticity laws were considered in the online stage for phase 1 (the matrix material). Both laws considered a
von Mises yield surface,

f=0—o0y(e) <0, (46)

where o is the von Mises equivalent stress, and the yield stress oy is given by the chosen hardening law that depends
on the equivalent plastic strain &.
The first hardening law considered was piecewise linear and isotropic as follows,

05458 €¢€[0,0.04)

ov (&) = {0.7 428 Fe[0.04,00) MNP @7

The other hardening law considered was the following power-law,

oy (&) = 0.1 + 0.38%% MPa. (48)

The plasticity simulations were conducted under different loading conditions. For example, under uniaxial tension
the macroscopic strain €11 is prescribed, and the macroscopic stresses vanish in all other directions: o;; = 0 for i, j #
1. For pure shear loading condition, yj5 is imposed and the remaining stress-free conditions are applied similarly.

The predictions given by the reduced order modeling, including macroscopic behavior and microscopic stress/strain
fields, are validated against high-fidelity direct numerical simulations (DNS) using the finite element method with
a fine mesh and imposing periodic boundary conditions. The computational efficiency of the proposed method is
discussed as well.

3. Results and discussion
3.1. Two-dimensional linear elastic materials

Before evaluating the plastic predictions of the reduced RUC, the elastic description is considered first. The
importance of applying the self-consistent (SC) scheme for updating C° is discussed herein as well.

Fig. 4 presents the RUC’s transverse Young’s moduli and Poisson’s ratios predicted by the proposed method with
and without the self-consistent (SC) scheme as a function of the number of clusters chosen in the offline stage. For
the approach without the self-consistent scheme, i.e. considering a constant reference stiffness C°, phase 1 (matrix)
was considered as the reference material: C0 = C™UX The number of clusters in phase 1 is denoted as k1, while k>
denotes the number of clusters in phase 2. In these examples k, was defined according to the volume fractions of the
phases: for the fiber-reinforced composite the number of clusters in the fibers was chosen as approximately half the
number of clusters in the matrix k; = [k1/2] (recall that Vy, = 30%); and for the amorphous material both phases
were discretized with the same number of clusters k; = ky (recall that Vy, = 50%). All the predictions are normalized
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Fig. 4. Normalized transverse Young modulus (left) and Poisson’s ratio (right) as a function of the number of cluster in phase 1 (matrix). The DNS
results for the fiber-reinforced composite and amorphous material were obtained from finite element analyses.

with respect to the results of direct numerical simulations (DNS) obtained from a converged finite element analysis
considering a fine mesh of elements:

1. Fiber-reinforced composite: Epns &~ 156.4 MPa, vpns ~ 0.39;
2. Amorphous material: Epns & 220.8 MPa, vpns =~ 0.35.

Observing the figure there is an immediate characteristic of the presented solutions: the accuracy of the prediction
improves by increasing the number of clusters in the system, as expected. Moreover, the predictions for the effective
E and v of the RUC for the fiber-reinforced composite are similar with or without the self-consistent (SC) scheme:
both approaches converge within an error tolerance of 1% after assigning 8 clusters in phase 1 (matrix). However,
convergence is significantly faster with the self-consistent scheme for the amorphous material (both for E and v).
These results confirm Remark 4: since the Lippmann—Schwinger equation is being numerically discretized instead
of being solved exactly, the choice of the reference material affects the convergence of the solution. This was also
pointed out by Chaboche et al. [39] in their complete analysis of the capabilities of mean-field approaches.

The predictive capabilities of the proposed method can be further assessed by considering the variation of the elas-
tic properties at the online stage without redoing the offline stage. The interested reader is referred to Appendix B
and Fig. B.14, where new effective elastic properties of the RUC were reasonably well predicted even when using
new combinations of elastic properties for the two phases of the material that differ from the ones used in the offline
stage, Eq. (45). This shows the potential of applying the proposed method to microstructure-based property design of
heterogeneous material system, such as nanostructured polymers [54].

3.2. Two-dimensional nonlinear elasto-plastic materials

Particularly relevant is the assessment of the predictive capabilities of the proposed model when capturing the
nonlinear plastic behavior of the RUC under various loading conditions, as well as the computational cost (CPU time
and memory) when compared to the DNS. First the influence of the self-consistent scheme on the plastic predictions is
investigated considering the two hardening laws introduced previously: the piece-wise linear hardening, Eq. (47); and
the power-law hardening, Eq. (48). Fig. 5 presents the stress—strain results for the fiber-reinforced composite subjected
to uniaxial tension for these two hardening laws of the matrix.

As can be observed in the figure, although the error of the method when compared to DNS is reduced in each
case by increasing the number of clusters, the self-consistent scheme converges significantly faster for a desired level
of accuracy. This is especially visible for the power-law nonlinear hardening. When plastic yielding happens in the
heterogeneous material, the macroscopic tangent stiffness tensor starts decreasing when compared to the elastic case
due to localized plasticity in the matrix, so that C™X js no longer a good choice for the tangent stiffness C° of the
reference material. By consistently updating C° with an approximate value of the effective stiffness of the RUC, see
Box 11, the evolution of the local internal variables in each cluster is captured more accurately.
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Fig. 5. The effect of the self-consistent scheme on the plastic behavior of the fiber-reinforced material under piece-wise linear hardening (left) and
power-law nonlinear hardening (right) loading conditions.
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Fig. 6. The effect of the raw data type on the clustering results (left), as well as the corresponding predictions on macroscopic response (right), for
the fiber-reinforced composite under uniaxial tension. The position-based clustering results with 32 clusters are shown on the left.
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Another point to be considered is the effect of the A-based clustering used during the offline stage, introduced
in Section 2.2.1. As discussed in that section, the k-means clustering was done based on the strain concentration
tensor A(x) at each data point, with the purpose of grouping the data points with similar mechanical behavior into
one cluster. A more naive compression scheme would be to do the clustering purely based on the spatial coordinates
x of the data points, i.e. grouping points by their spatial proximity instead of considering the similarity of mechanical
behavior. This position-based clustering leads to a cluster map resembling a Voronoi diagram, as illustrated in Fig. 6
(left) for 32 clusters in phase 1 for the fiber-reinforced composite. The reader is encouraged to compare this figure
with Fig. 3(c) to see the difference in the clustering scheme for the same number of clusters but using the A-based
clustering.

On the right of Fig. 6 the results of position-based clustering are compared to the A-based clustering. In this figure
it is seen that the convergence using the position-based clusters is poor and the accuracy of the prediction does not
change significantly even considering 256 clusters for phase 1. On the contrary, with the same number of clusters the
predictions from A-based clustering reproduce the DNS almost exactly.

Fig. 7 includes the stress—strain curves for the fiber-reinforced composite and the amorphous material considering
two different load cases, uniaxial tension and pure shear, using the self-consistent scheme. The number of clusters in
phase 1 ranges from 1 to 256, and the results from DNS are also provided for comparison. By looking at the plots,
we can conclude that the proposed method is capable of capturing the nonlinear plastic behavior with significantly
fewer degrees of freedom but with a small loss in accuracy. Furthermore, the refinement of the discretization by
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Fig. 7. The predictions given by the proposed reduced order method with the self-consistent scheme for the fiber-reinforced composite (left) and
amorphous material (right) under uniaxial tension and pure shear conditions. The solid lines represent the DNS results for comparison. Three
different numbers of clusters in phase 1 were considered: k; = 1 (dashes), k; = 16 (dots) and k; = 256 (dash-dots).

including more clusters clearly improves the predictions: a desirable characteristic allowing the analyst to choose
between accuracy and efficiency.

Fig. 8 provides a comparison of the local fields obtained from DNS of the high-fidelity RUC and from the proposed
self-consistent clustering analysis of a reduced RUC with 256 clusters for phase 1. The figures show that the new
method is able to reproduce the equivalent plastic strain fields, although the localized regions are reproduced in a
more diffuse manner leading to regions with lower strain concentrations. This is expected since by definition the goal
of the proposed approach is to predict as accurately as possible the global (homogenized) mechanical response with
the minimum amount of information possible. In order to improve the resolution at these regions, the total number
of clusters could be increased or, more wisely, a nonlinear mapping of the k-means clustering could be applied so
that more clusters are assigned to regions needing higher resolution (the issue is finding these regions, since different
loading conditions lead to different localization areas).

Up to this point the computational cost reduction of the method was not quantified. Even though the reduction
achieved in the number of degrees of freedom is obvious, the system of equations that is being solved uses an iterative
approach and each equation involves the summation over every cluster. Therefore, there is a clear trade-off between the
compression of information achieved by the clustering procedure and the actual solution of the Lippmann—Schwinger
equations. Fig. 9 shows a comparison of computation time between the proposed approach for different numbers
of clusters and the DNS. The results are encouraging, especially considering that the DNS finite element analyses
were performed using a commercial code (significantly optimized), while the proposed method was implemented in
MATLAB. A typical two-dimensional DNS took about 1420 s (24 min) on one Intel 17-3632 processor, while the
online stage of the reduced order method with the self-consistent scheme (in MATLAB) took 4 s for k; = 16 and 75 s
for k1 = 256. For k1 € [1, 512], the computational time is almost proportional to the number of clusters in the system,
which indicates that the most time-consuming part is to update the internal variables locally at each cluster.

Finally, the reduced order model was also validated against a complex loading path. Macro-strain constraints are
applied on €11 and y17, while 027 = 0. Thus, the loading state can be represented by (€11, y12). As shown in Fig. 10(a),
there are three steps in the loading path and the material finally returns to the initial state (¢1; = 0, y;2 = 0). Due
to plasticity, £2> does not necessarily vanish at the final state, which means that the initial state with g2 = 0 is
not reproduced. The stress—strain curves o11-vs-¢11 and o12-vs-y12 given by the reduced-order method and the DN'S
results are shown in Fig. 10(b) and (c). Once again good agreement is observed.

3.3. Three-dimensional nonlinear elasto-plastic material

The proposed method was also applied to 3D nonlinear elasto-plastic materials similar to the previously presented
examples in 2D. First, a spherical-particle composite is considered with the phase 1 being the matrix (as before) and
the number of matrix clusters being k1. The volume fraction of the particle phase (phase 2) was considered to be 20%
and ky = [ky/4]. All the material properties are the same as before (see Eqs. (45)—(47)). The mesh size of the finite
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Fig. 8. Equivalent plastic strain fields obtained from the direct numerical simulation of the high-fidelity RUC and from the self-consistent clustering
analysis of the reduced RUC. Top row shows results for fiber-reinforced composite material, while bottom row presents the results for the amorphous
material.
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Fig. 9. The computational time of the reduced order method with the self-consistent scheme vs. the total number of clusters k| + k5. 25 incremental
loading steps are considered. A typical DNS with mesh size 600 x 600 takes 1420 s.

element model considered as the DNS was 64 x 64 x 64, and the illustration of the mesh in the inclusion phase (phase
2) is demonstrated in Fig. 11. The reader is reminded that when generating the raw data, the strain concentration tensor
A(x) has 36 independent components since this is a 3D RUC. Thus, the dimension of data becomes 36, and a linear
increase in the running time of the k-means clustering occurs.

The stress—strain curves given by the self-consistent clustering analysis of the reduced RUC and the DNS of the
high-fidelity RUC results are plotted in Fig. 11. Although the convergence rates of macroscopic mechanical properties
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Fig. 10. Response of the reduced RUC for the fiber-reinforced composite material under the three step loading path shown in (a): (0.00, 0.00) —
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Fig. 11. The 64 x 64 x 64 FE mesh of the 3D material displayed in the inclusion phase (phase 2) and stress—strain curves under uniaxial tension
and pure shear loading conditions. The solid lines represent the DNS results for comparison. Three different numbers of clusters in phase 1 were
considered: ki = 1 (dashes), k| = 16 (dots) and k1 = 256 (dash-dots).

with respect to the number of clusters in 3D are not as high as the ones in 2D, good accuracy can be achieved
by assigning 256 clusters in phase 1 (320 in total) under both loading conditions. In terms of computational cost,
a typical DNS with 64 x 64 x 64 mesh took 7.3 h on 24 cores (in a state-of-the art high performance computing
cluster with the following compute nodes: Intel Haswell E5-2680v3 2.5 GHz 12-cores). The reduced order method
(in MATLAB) took 5 s and 214 s on one Intel 17-3632 processor for k1 = 16 and k1 = 256, respectively. A more
refined finite element mesh was used for the same microstructure, 80 x 80 x 80, and the differences in the stress—strain
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Fig. 12. The 80 x 80 x 80 FE mesh of the 3D amorphous material and stress—strain curves under uniaxial tension and pure shear loading conditions.
The solid lines represent the DNS results for comparison. Three different numbers of clusters in phase 1 were considered: k1 = 1 (dashes), k; = 16
(dots) and k1 = 256 (dash-dots).

curves were less than 1% for both DNS and reduced order methods, indicating good convergence. For this case the
DNS takes approximately 25.7 h on the same 24 cores, while the reduced model computation time is the same (it only
depends on the number of clusters).

The final example chosen to present in this work is a 3D two-phase amorphous material obtained by solving the
Cahn-Hilliard equation in 3D. The illustration of the 3D microstructure is shown in Fig. 12 and the finite element
mesh considered for the DNS was 80 x 80 x 80. The volume fraction of each phase was defined as 50%, so k> = ki
in the clustering step. The stress—strain curves in Fig. 12 show that the predictions given by the reduced order method
converge slower than all the previous examples considered: this is attributed to the complexity of microstructure in the
3D amorphous material that leads to fewer similarities in the local stress/strain field, implying the need to use more
clusters in order to characterize the nonlinear behavior appropriately.

4. Conclusion

A new computational approach was introduced for modeling the behavior of heterogeneous materials with complex
microstructure. The proposed method includes two major contributions: (1) a data-compression procedure to improve
the offline stage based on k-means clustering to group material subdomains with similar mechanical behavior; and
(2) anew analysis method termed ““self-consistent clustering analysis” derived via the homogenization of each material
subdomain (material cluster) through the Lippmann—Schwinger equation. The combination of the data compression
achieved at the offline stage and the new scheme for solving the Lippmann—Schwinger equation without additional
parameters or constitutive laws was shown to lead to a methodology with several attractive features: accurate, good
convergence under refinement, computationally efficient, and involving a minimum amount of effort for both the
offline and online stages. The offline stage is trivial since it only involves linear elastic simulations under 3 loading
conditions for two-dimensional cases, or 6 loading conditions for three-dimensional ones.

As a final note, the proposed method is believed to have a wide range of applications to various material systems.
Multifunctional and multiphysics material systems such as piezoelectric and thermomechanical materials may be
interesting future applications. The particular case of nonlinear materials with strain softening or damage requires
special attention, since the effective modulus becomes negative in the softening region and the current fix-point method
for solving the self-consistent reference material needs to be modified to improve convergence. A possible way is to
work with the total form of the Lippmann—Schwinger equation instead of the incremental form, i.e. with ¢ (x) and
&(x) as variables.
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Appendix A. Calculation and clustering of A

In order to generate the database with the strain concentration tensors A(x), we implemented the DNS method
based on fast Fourier transforms [19], which iteratively solves the full Lippmann—Schwinger equation with periodic
boundary conditions. The finite element method could also be used to calculate A(x). As mentioned in Section 2.2.1,
three orthogonal loading conditions are needed for a 2D material. In Voigt notation {eM*°} = [¢]]*"°, e5*", y5*"°]
the loading conditions in terms of the macroscopic strain are listed as [1, 0, 0], [0, 1, 0] and [O 0, 1]. For instance,
components A, A2; and A3y are obtained under condition {¢™?°°} = [1, 0, 0].

In this paper, we use the standard algorithm (Lloyd’s algorithm) [48] to solve the k-means clustering problem. The

standard algorithm is essentially an optimization process of minimizing the within-cluster least squares sum,

- argmm Z > lIAL =A%, (A.1)

J=1nes’

where A, is the strain concentration tensor of the nth data point in Voigt notation, and A ; is the mean of all the strain
concentration tensors at the points within the cluster S;.

At the initialization step, k data points are randomly selected from the data set and served as the initial means
(Forgy method [55]). Then the algorithm iterates between the following two steps,

1. Assignment step: Each data point is assigned to the cluster whose mean is nearest to the data point. In other words,
within the rth iteration, V{A,} € Sm, we have

1AL} = AP < 1A} = AT IP VI, T #1. (A2)
2. Update step: The mean values of the data points in the new cluster are recalculated for iteration ¢ + 1,
< ([t) ([) Z (A} (A3)
I (Anes)”

where Ni(t) is the number of data points in cluster S}t).

When the assignment of data points no longer changes, the algorithm is said to converge to a local optimum. However,
the global optimum is not guaranteed in the optimization process. Therefore, k-means clustering is always performed
with multiple replications in real application in order to overcome the local barrier.

Appendix B. Different elastic properties in the online stage without redoing the offline stage

The proposed approach predicts new effective elastic properties of the RUC when considering new elastic proper-
ties for each phase of the material with the same microstructure, even when considering the same selection of elastic
properties in the offline stage, Eq. (45).

Several simulations in the online stage were conducted using different Young’s modulus of phase 2 (E, was varied
from 1 to 5000 MPa), while keeping the Young’s modulus of phase 1 at 100 MPa. The Young’s moduli ratio between
phase 2 and phase 1 ranged from 0.01 to 50. The DNS results obtained for this range are provided in Fig. B.13, where
the microstructural effect on the overall material behavior is clear. Note that since phase 2 in the fiber-reinforced
composite is discontinuous (fibers are separated), the effect of varying its modulus E; is less pronounced and the
overall properties are mainly determined by the matrix material. On the other hand, the overall modulus keeps
increasing with E3 in the amorphous material, where phases 1 and 2 are irregular and similar to each other.

Fig. B.14 shows the results from the proposed method with and without the self-consistent scheme. Once again the
improvement from the self-consistent scheme is evident, where the transverse Young’s modulus is close to the DNS
values for a significant range of ratios (0.01-50). Without the self-consistent scheme, especially for the amorphous
material, there is a tendency to overestimate or underestimate the modulus at extreme cases even using a large number
of clusters, indicating that phase 1 is no longer a good candidate for the reference material.
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Fig. B.14. The effects of phase 2 Young’s modulus E> on the overall normalized equivalent transverse Young’s modulus for the fiber-reinforced
material (left) and amorphous material (right). Results from k; = 32 and 256 are provided with and without the self-consistent scheme (SC).

These results demonstrate that reasonable elastic predictions are possible even without going through the offline
process for new combinations of elastic properties. Nevertheless, in practice the offline stage of the proposed method
is so simple (three loading conditions in 2D, and six in 3D) that avoiding it is usually not worthwhile.
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